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17.1 Time Series Patterns
1. time series: A time series is a sequence of observations on a variable measured

at successive points in time or over successive periods of time.

2. The measurements may be taken every hour, day, week, month, or year, or at any
other regular interval . (this textbook limits the discussion to time series in
which the values of the series are recorded at equal intervals)

3. The pattern of the data is an important factor in understanding how the time
series has behaved in the past . If such behavior can be expected to continue in
the future , we can use the past pattern to guide us in selecting an appropriate

forecasting method.

4. A time series plot is a graphical presentation of the relationship between time
and the time series variable; time is on the horizontal axis and the time series

values are shown on the vertical axis. A time series plot is useful to identify
the underlying pattern in the data.

5. Some of the common types of data patterns that can be identified when examining
a time series plot: horizontal pattern, trend pattern, seasonal pattern, trend and
seasonal pattern, and cyclical pattern.
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Horizontal Pattern

1. A horizontal pattern exists when the data fluctuate around a constant mean .

2.
�� ��Example (Table 17.1) (Figure 17.1) These data show the number of gallons of
gasoline sold by a gasoline distributor in Bennington, Vermont, over the past 12
weeks.

The average value or mean for this time series is 19.25 gallons (1000s) per week.
Although random variability is present, we would say that these data follow a
horizontal pattern.

3. The term stationary time series is used to denote a time series whose statistical
properties are independent of time .

4. In particular this means that

(a) The process generating the data has a constant mean .

(b) The variability of the time series is constant over time.

5. A time series plot for a stationary time series will always exhibit a horizontal pattern .
But simply observing a horizontal pattern is not sufficient evidence to conclude that
the time series is stationary.

6. More advanced texts on forecasting discuss procedures for determining if a time
series is stationary and provide methods for transforming a time series that is not
stationary into a stationary series.
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7. Changes in business conditions can often result in a time series that has a horizontal
pattern shifting to a new level.

(a)
�� ��Example For instance, suppose the gasoline distributor signs a contract with
the Vermont State Police to provide gasoline for state police cars located in
southern Vermont. With this new contract, the distributor expects to see a
major increase in weekly sales starting in week 13.

(b) (Table 17.2) The number of gallons of gasoline sold for the original time series
and for the 10 weeks after signing the new contract.

(c) (Figure 17.2) Note the increased level of the time series beginning in week
13. This change in the level of the time series makes it more difficult to
choose an appropriate forecasting method.

8. Selecting a forecasting method that adapts well to changes in the level of a
time series is an important consideration in many practical applications.
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Trend Pattern

1. Although time series data generally exhibit random fluctuations, a time series may
also show gradual shifts or movements to relatively higher or lower values over
a longer period of time.

2. If a time series plot exhibits this type of behavior, we say that a trend pattern
exists.

3. A trend is usually the result of long-term factors such as population increases
or decreases, changing demographic characteristics of the population, technology,
and/or consumer preferences.

4.
�� ��Example (Table 17.3) (Figure 17.3) Consider the time series of bicycle sales for a
particular manufacturer over the past 10 years.

Visual inspection of the time series plot shows some up and down movement over the
past 10 years, but the time series also seems to have a systematically increasing
or upward trend . The trend for the bicycle sales time series appears to be

linear and increasing over time.

5.
�� ��Example (Table 17.4) (Figure 17.4) The data show the sales for a cholesterol drug
since the company won FDA approval for it 10 years ago.
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The time series increases in a nonlinear fashion; that is, the rate of change of
revenue does not increase by a constant amount from one year to the next. In fact,
the revenue appears to be growing in an exponential fashion.

6. Exponential relationships such as this are appropriate when the percentage change
from one period to the next is relatively constant .

Seasonal Pattern

1. The trend of a time series can be identified by analyzing multiyear movements in
historical data . Seasonal patterns are recognized by seeing the same repeating patterns

over successive periods of time.

2.
�� ��Example For example, a manufacturer of swimming pools expects low sales activity
in the fall and winter months, with peak sales in the spring and summer months.
Manufacturers of snow removal equipment and heavy clothing, however, expect just
the opposite yearly pattern.

3. The pattern for a time series plot that exhibits a repeating pattern over a one-year
period due to seasonal influences is called a seasonal pattern.

4.
�� ��Example Daily traffic volume shows within-the-day“seasonal”behavior, with peak
levels occurring during rush hours, moderate flow during the rest of the day and
early evening, and light flow from midnight to early morning.
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5.
�� ��Example (Table 17.5) (Figure 17.5) As an example of a seasonal pattern, consider
the number of umbrellas sold at a clothing store over the past five years.

The time series plot does not indicate any long-term trend in sales. The
data follow a horizontal pattern. But closer inspection of the time series
plot reveals a regular pattern in the data. That is, the first and third quar-
ters have moderate sales, the second quarter has the highest sales, and the fourth
quarter tends to have the lowest sales volume. Thus, we would conclude that a

quarterly seasonal pattern is present.
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Trend and Seasonal Pattern

1. Some time series include a combination of a trend and seasonal pattern.

2.
�� ��Example (Table 17.6) (Figure 17.6) The smartphone sales for a particular manu-
facturer over the past four years.

3. Clearly, an increasing trend is present.
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4. But, Figure 17.6 also indicates that sales are lowest in the second quarter of each
year and increase in quarters 3 and 4. Thus, we conclude that a seasonal pattern
also exists for smartphone sales.

5. In such cases we need to use a forecasting method that has the capability to deal
with both trend and seasonality .

Cyclical Pattern

1. A cyclical pattern exists if the time series plot shows an alternating sequence
of points below and above the trend line lasting more than one year.

2. Often, the cyclical component of a time series is due to multiyear business cycles .

3.
�� ��Example For example, periods of moderate inflation followed by periods of rapid
inflation can lead to time series that alternate below and above a generally
increasing trend line (e.g., a time series for housing costs).

4. A cyclical pattern repeats with some regularity over several years . Cyclical
patterns differ from seasonal patterns in that cyclical patterns occur over multiple
years, whereas seasonal patterns occur within one year .

5.
�� ��More Example https://robjhyndman.com/hyndsight/cyclicts/

(a) The plot shows the famous Canadian lynx (山貓) data –the number of lynx
trapped each year in the McKenzie (麥肯錫) river district of northwest Canada
(1821-1934). These show clear aperiodic (非週期性的) population cycles of
approximately 10 years. The cycles are not of fixed length –some last 8 or 9
years and others last longer than 10 years.
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(b) The plot shows the monthly sales of new one-family houses sold in the USA
(1973-1995). There is strong seasonality within each year, as well as some
strong cyclic behaviour with period about 6 – 10 years.

(c) The plot shows half-hourly electricity demand in England and Wales from
Monday 5 June 2000 to Sunday 27 August 2000. Here there are two types of
seasonality –a daily pattern and a weekly pattern. If we collected
data over a few years, we would also see there is an annual pattern. If
we collected data over a few decades, we may even see a longer cyclic pattern.

6. Business cycles are extremely difficult, if not impossible, to forecast. As a result,
cyclical effects are often combined with long-term trend effects and referred to as

trend-cycle effects .

Selecting a Forecasting Method

1. The underlying pattern in the time series is an important factor in selecting a
forecasting method. Thus, a time series plot should be one of the first things
developed when trying to determine which forecasting method to use.
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2. The next two sections illustrate methods that can be used in situations where the
underlying pattern is horizontal; in other words, no trend or seasonal effects are
present. We then consider methods appropriate when trend and/or seasonality are
present in the data.

17.2 Forecast Accuracy
1. The simplest of all the forecasting methods (a naive forecasting method ): an

approach that uses the most recent week’s sales volume as the forecast for the
next week.

2. (Table 17.7) The distributor sold 68 thousand gallons of gasoline in week 1; this
value is used as the forecast for week 2. Next, we use 84, the actual value of sales
in week 2, as the forecast for week 3, and so on.

3. The key concept associated with measuring forecast accuracy is forecast error ,
defined as

Forecast Error = ActualValue − Forecast
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(a)
�� ��Example Because the distributor actually sold 84 thousand gallons of gasoline
in week 2 and the forecast, using the sales volume in week 1, was 68 thousand
gallons, the forecast error in week 2 is

Forecast Error in week 2 = 84− 68 = 16

(b) The fact that the forecast error is positive indicates that in week 2 the fore-
casting method underestimated the actual value of sales. Next, we use
84, the actual value of sales in week 2, as the forecast for week 3. Since the
actual value of sales in week 3 is 76, the forecast error for week 3 is 76 − 84
= −8. In this case, the negative forecast error indicates that in week 3 the
forecast overestimated the actual value.

(c) A simple measure of forecast accuracy is the mean or average of the forecast errors .
Table 17.7 shows that the sum of the forecast errors for the gasoline sales time
series is 20; thus, the mean or average forecast error is 20/11 = 1.82 .

(d) Because positive and negative forecast errors tend to offset one another,
the mean error is likely to be small; thus, the mean error is not a very useful
measure of forecast accuracy.

4. The mean absolute error , denoted MAE , is the average of the absolute
values of the forecast errors.

(a) MAE is a measure of forecast accuracy that avoids the problem of positive and
negative forecast errors offsetting one another.

(b) (Table 17.7) the sum of the absolute values of the forecast errors is 164:

MAE = average of the absolute value of forecast errors = 164/11=14.91

5. Another measure that avoids the problem of positive and negative forecast errors
offsetting each other is obtained by computing the average of the squared
forecast errors ( mean squared error , is denoted MSE .)

MSE = average of the sum of squared forecast errors = 2864/11=260.36

6. The size of MAE and MSE depends upon the scale of the data . As a result,
it is difficult to make comparisons for different time intervals, such as comparing
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a method of forecasting monthly gasoline sales to a method of forecasting weekly
sales, or to make comparisons across different time series.

7. The mean absolute percentage error , denoted MAPE , is a percentage er-
ror corresponding to the forecast of 84 in week 2 is computed by dividing the

forecast error in week 2 by the actual value in week 2 and multiplying
the result by 100 .

(a) For week 2 the percentage error is computed as follows:

Percentage error for week 2 =
forecast error
actual value

= 16/84× (100) = 19.05%

Thus, the forecast error for week 2 is 19.05% of the observed value in week 2.

(b) The sum of the absolute values of the percentage errors is 211.69:

MAPE = average of the absolute value of percentage forecast errors

= 211.69/11 = 19.24%

8. Summarizing, using the naive (most recent observation) forecasting method, we
obtained the following measures of forecast accuracy:

MAE = 3.73, MSE = 16.27, MAPE = 19.24%

9. These measures of forecast accuracy simply measure how well the forecasting method
is able to forecast historical values of the time series.

10. Suppose we want to forecast sales for a future time period , such as week 13.
In this case the forecast for week 13 is 88, the actual value of the time series
in week 12. Is this an accurate estimate of sales for week 13? Unfortunately,
there is no way to address the issue of accuracy associated with forecasts for

future time periods . But, if we select a forecasting method that works well for
the historical data, and we think that the historical pattern will continue into the
future, we should obtain results that will ultimately be shown to be good.

11. (Table 17.8) Suppose we use the average of all the historical data available as
the forecast for the next period. We begin by developing a forecast for week 2. Since
there is only one historical value available prior to week 2, the forecast for week 2
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is just the time series value in week 1; thus, the forecast for week 2 is 84 thousand
gallons of gasoline. To compute the forecast for week 3, we take the average of the
sales values in weeks 1 and 2. Thus,

Forecast for week 3 = (68 + 84)/2 = 76

12. Comparing the values of MAE, MSE, and MAPE for each method:

Naive Method Average of Past Values
MAE 14.91 9.75
MSE 260.36 129.56

MAPE 19.24% 12.85%

13. For every measure, the average of past values provides more accurate forecasts
than using the most recent observation as the forecast for the next period.

14. In general, if the underlying time series is stationary , the average of all the
historical data will always provide the best results.

(a) (Recall Table 17.2) But suppose that the underlying time series is not station-
ary. Note the change in level in week 13 for the resulting time series.
When a shift to a new level like this occurs, it takes a long time for the fore-
casting method that uses the average of all the historical data to adjust to the
new level of the time series.
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(b) In this case, the simple naive method adjusts very rapidly to the change in
level because it uses the most recent observation available as the forecast.

(c) Measures of forecast accuracy are important factors in comparing different
forecasting methods, but we have to be careful not to rely upon them too
heavily.

(d) Good judgment and knowledge about business conditions that might affect the
forecast also have to be carefully considered when selecting a method. And

historical forecast accuracy is not the only consideration, especially if the
time series is likely to change in the future.

�� ��😍 EXERCISES 17.2: 1, 4

17.3 Moving Averages and Exponential Smoothing
1. Three forecasting methods that are appropriate for a time series with a horizontal

pattern: moving averages, weighted moving averages, and exponential
smoothing.

2. The objective of each of these methods is to smooth out the random fluctuations
in the time series, they are referred to as smoothing methods.

3. These methods are easy to use and generally provide a high level of accuracy
for short-range forecasts , such as a forecast for the next time period.

Moving Averages

1. (Moving Average Forecast of Order k) The moving averages method uses the
average of the most recent k data values in the time series as the forecast for the
next period:

Ft+1 =

∑
(most recent k data values)

k
=

Yt + Yt−1 + · · ·+ Yt−(k−1)

k
(17.1)
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where Ft+1 is the forecast of the times series for period t + 1 and Yt is the actual
value of the time series in period t.

2. The average will change, or move, as new observations become available.

(a) To use moving averages to forecast a time series, we must first select the
order , or number of time series values, to be included in the moving

average.

(b) If only the most recent values of the time series are considered relevant,
a small value of k is preferred.

(c) If more past values are considered relevant, then a larger value of k is
better.

(d) A time series with a horizontal pattern can shift to a new level over time. A
moving average will adapt to the new level of the series and resume providing
good forecasts in k periods.

(e) Thus, a smaller value of k will track shifts in a time series more quickly.
But larger values of k will be more effective in smoothing out the random
fluctuations over time.

3.
�� ��Example (Recall Table 17.1 and Figure 17.1) the gasoline sales data

(a) The time series plot in Figure 17.1 indicates that the gasoline sales time series
has a horizontal pattern . Thus, the smoothing methods of this section
are applicable.

(b) Use a three-week moving average (k = 3), the forecast of sales in week 4 using
the average of the time series values in weeks 1−3:

F4 = average of weeks 1–3 =
69 + 84 + 76

3
= 76

Thus, the moving average forecast of sales in week 4 is 76 or 76,000 liters of
gasoline.

(c) The actual value observed in week 4 is 92, the forecast error in week 4 is
92 − 76 = 16.

(110-2) 統計學 (二) May 17, 2022



Chapter 17(1): Time Series Analysis and Forecasting Page 16/22

(d) (Table 17.9) The forecast of sales in week 5 by averaging the time series values
in weeks 2–4.

F5 = average of weeks 2–4 =
84 + 76 + 92

3
= 84

Hence, the forecast of sales in week 5 is 84 and the error associated with this
forecast is 72 − 84 = −12.

(e) (Figure 17.7) Note how the graph of the moving average forecasts has tended
to smooth out the random fluctuations in the time series.

(f) To forecast sales in week 13, the next time period in the future, we simply
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compute the average of the time series values in weeks 10, 11, and 12.

F13 = average of weeks 10–12 =
80 + 60 + 88

3
= 76

(g) Forecast Accuracy Using the three-week moving average calculations in Ta-
ble 17.9, the values for these three measures of forecast accuracy (MAE, MSE,
and MAPE) are

MAE =
96

9
= 10.67 (mean absolute error)

MSE =
1472

9
= 163.56 (mean squared error)

MAPE =
129.21

9
= 14.36% (mean absolute percentage error)

(h) (Recall Section 17.2) Using the most recent observation as the forecast for the
next week (a moving average of order k = 1) resulted in values of MAE = 3.73,
MSE = 16.27, and MAPE = 19.24%. Thus, in each case the three-week moving
average approach provided more accurate forecasts than simply using the
most recent observation as the forecast.

4. To determine if a moving average with a different order k can provide more accurate
forecasts, we recommend using trial and error to determine the value of k that
minimizes MSE.

5. For the gasoline sales time series, it can be shown that the minimum value of MSE
corresponds to a moving average of order k = 6 with MSE = 6.79 . If we are
willing to assume that the order of the moving average that is best for the historical
data will also be best for future values of the time series, the most accurate moving
average forecasts of gasoline sales can be obtained using a moving average of order
k = 6.

Weighted Moving Averages

1. In the moving averages method, each observation in the moving average calculation
receives the same weight .

2. One variation, known as weighted moving averages, involves selecting a different weight
for each data value and then computing a weighted average of the most recent k

values as the forecast.
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3. In most cases, the most recent observation receives the most weight , and
the weight decreases for older data values.

4. A moving average forecast of order k = 3 is just a special case of the weighted
moving averages method in which each weight is equal to 1/3. Note that for the
weighted moving average method the sum of the weights is equal to 1 .

5.
�� ��Example We assign a weight of 3/6 to the most recent observation, a weight
of 2/6 to the second most recent observation, and a weight of 1/6 to the
third most recent observation. Using this weighted average, our forecast for week 4
is:

Forecast for week 4 =
1

6
(68) +

2

6
(84) +

3

6
(76) = 77.33

6. To use the weighted moving averages method, we must first select the number of
data values to be included in the weighted moving average and then choose weights
for each of the data values. In general, if we believe that the recent past is
a better predictor of the future than the distant past, larger weights should
be given to the more recent observations. However, when the time series is highly
variable, selecting approximately equal weights for the data values may be
best.

7. Forecast Accuracy To determine whether one particular combination of number of
data values and weights provides a more accurate forecast than another combination,
we recommend using MSE as the measure of forecast accuracy. That is, if we
assume that the combination that is best for the past will also be best for the

future , we would use the combination of number of data values and weights
that minimizes MSE for the historical time series to forecast the next value in the
time series.

Exponential Smoothing

1. Exponential smoothing also uses a weighted average of past time series values as a
forecast; it is a special case of the weighted moving averages method in which we
select only one weight —the weight for the most recent observation.
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2. The weights for the other data values are computed automatically and become
smaller as the observations move farther into the past.

3. Exponential Smoothing Forecast

Ft+1 = αYt + (1− α)Ft (17.2)

where

Ft+1: forecast of the time series for period (t+ 1)

Yt: actual value of the time series in period t

Ft: forecast of the time series for period t

α: smoothing constant (0 ≤ α ≤ 1)

4. Equation (17.2) shows that the forecast for period t+1 is a weighted average of the
actual value in period t and the forecast for period t.

5. The weight given to the actual value in period t is the smoothing constant α

and the weight given to the forecast in period t is 1− α .

6. Let us illustrate by working with a time series involving only three periods of data:
Y1, Y2, and Y3.

(a) To initiate the calculations, we let F1 equal the actual value of the time series
in period 1; that is, F1 = Y1. Hence, the forecast for period 2 is

F2 = αY1 + (1− α)F1 = αY1 + (1− α)Y1 = Y1

We see that the exponential smoothing forecast for period 2 is equal to the
actual value of the time series in period 1 .

(b) The forecast for period 3 is

F3 = αY2 + (1− α)F2 = αY2 + (1− α)Y1

(c) Finally, substituting this expression for F3 in the expression for F4, we obtain

F4 = αY3 + (1− α)F3

= αY3 + (1− α)[αY2 + (1− α)Y1]

= αY3 + α(1− α)Y2 + (1− α)2Y1
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(d) We now see that F4 is a weighted average of the first three time series values.
The sum of the coefficients, or weights, for Y1, Y2, and Y3 equals 1.

(e) A similar argument can be made to show that, in general, any forecast Ft+1 is
a weighted average of all the previous time series values.

� Question . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (p876)

Use exponential smoothing approach with a smoothing parameter α = 0.2 to obtain
F2, F3, F4 and F13 for the gasoline sales time series in Table 17.1 and Figure 17.1.
Start the calculations, set the exponential smoothing forecast for period 2 equal to
the actual value of the time series in period 1.

sol:
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1. Forecast Accuracy (Table 17.10)(Figure 17.8)(Table 17.11) The criterion we will
use to determine a desirable value for the smoothing constant a is the same as the
criterion we proposed for determining the order or number of periods of data to
include in the moving averages calculation. That is, we choose the value of a that

minimizes the MSE .

2. The exponential smoothing results with α = 0.2: the value of the sum of squared
forecast errors is 98.80; hence MSE = 98.80/11 = 8.98 . The exponential
smoothing results with α = 0.3: the value of the sum of squared forecast errors
is 102.83; hence MSE = 102.83/11 = 9.35 .

3. Thus, we would be inclined to prefer the original smoothing constant of α = 0.2.
Using a trial-and-error calculation with other values of α, we can find a ”good
value for the smoothing constant.

�� ��😍 EXERCISES 17.3: 5, 9, 11, 14
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