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1 Introduction

➢ This article presents a counterintuitive result regarding the estimation of a 

regression slope coefficient (𝛽1).

➢ The precision of the slope estimator can deteriorate when additional information

is used to estimate its value.

A. pooled estimate of the variance 𝑉𝑎𝑟 ෨𝛽1 > not pooled estimate of the variance 

𝑉𝑎𝑟 መ𝛽1

B. actual variance is known 𝑉𝑎𝑟 ෨𝛽1
∗ > actual variance is unknown 𝑉𝑎𝑟( መ𝛽1)
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Simple Linear Regression Model

𝑦 = 𝛽0 + 𝛽1𝑥 + 𝜀 , 𝐸 𝜀 = 0 , Var 𝜀 = 𝜎2 with 𝑥 independent of 𝜀

where   𝐸 ȁ𝑦 𝑥 = 𝛽0 + 𝛽1𝑥 ,  Var ȁ𝑦 𝑥 = 𝜎2

𝐸
𝑥
𝑦 =

𝜇𝑥
𝜇𝑦

, cov
𝑥
𝑦 =

𝜎𝑥
2 𝜎𝑥𝑦

𝜎𝑥𝑦 𝜎𝑦
2

𝛽1 =
𝜎𝑥𝑦

𝜎𝑥
2 , 𝛽0 = 𝜇𝑦 − 𝛽1𝜇𝑥

2
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Estimating the V𝑎𝑟( መ𝛽1) (Least Squares Estimator)

መ𝛽1 =
𝑠𝑥𝑦

𝑠𝑥
2 =

σ𝑖=1
𝑛 (𝑥𝑖 − ҧ𝑥)(𝑦𝑖 − ത𝑦)

σ𝑖=1
𝑛 (𝑥𝑖 − ҧ𝑥)2

𝑉𝑎𝑟 መ𝛽1 =
1

𝑛 − 3
(
𝜎𝑦
2

𝜎𝑥
2 − 𝛽1

2)

𝑉𝑎𝑟 መ𝛽1 = 𝑉𝑎𝑟 𝐸 መ𝛽1 𝑥 + 𝐸(𝑉𝑎𝑟( መ𝛽1ȁ𝑥))

= 𝑉𝑎𝑟 𝛽1 + 𝐸(
𝜎2

𝑆𝑥
2(𝑛 −1)

)

= 0 +
𝜎2

𝜎𝑥
2 𝐸(

𝑛 −1 𝑆𝑥
2

𝜎𝑥
2 )−1

=
𝜎𝑦
2 − 𝛽1

2𝜎𝑥
2

(𝑛 − 3)𝜎𝑥
2

=
1

𝑛 −3
(
𝜎𝑦
2

𝜎𝑥
2 − 𝛽1

2)

< proof >

2
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Estimating the 𝑉𝑎𝑟( ෨𝛽1∗) (𝜎𝑥2 is known) 

෨𝛽1
∗ =

𝑠𝑥𝑦

𝜎𝑥
2 =

σ𝑖=1
𝑛 (𝑥𝑖 − ҧ𝑥)(𝑦𝑖 − ത𝑦)

𝑛 − 1 𝜎𝑥
2 𝑉𝑎𝑟 ෨𝛽1

∗ =
1

𝑛 − 1
(
𝜎𝑦
2

𝜎𝑥
2 + 𝛽1

2 )

𝑉𝑎𝑟 ෨𝛽1
∗ = 𝐸 𝑉𝑎𝑟 ෨𝛽1

∗ 𝑥 + 𝑉𝑎𝑟(𝐸( ෨𝛽1
∗ȁ𝑥))

= 𝐸
𝜎2𝑆𝑥

2

𝑆𝑥
4 𝑛 −1

+ 𝑉𝑎𝑟
𝑆𝑥
2

𝜎𝑥
2 𝛽1

=
𝜎2

𝜎𝑥
2 𝑛 −1

+
2𝛽1

2

𝑛 −1

=
1

𝑛 −1
(
𝜎𝑦
2

𝜎𝑥
2 + 𝛽1

2 )

< proof >

2
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Estimating the 𝑉𝑎𝑟( ෨𝛽1) (2-Samples pooled estimator)

෨𝛽1 =
𝑛1 + 𝑛2 − 2

𝑛1 − 1
(෍

𝑗=1

2

𝑥𝑐𝑗
′ 𝑥𝑐𝑗)

−1𝑥𝑐1
′ 𝑦1

𝑉𝑎𝑟 ෨𝛽1 ≥
𝜎1
2

𝜎𝑥
2(𝑛1 − 1)

(
𝑛1 + 𝑛2 − 2

𝑛1 + 𝑛2
)2+

2𝛽1
2

𝑛1 − 1
(
𝑛2 − 1

𝑛1 + 𝑛2
)

2
Treatment 1 Treatment 2

𝒙𝟏𝟏
𝒚𝟏𝟏

𝒙𝟏𝟐
𝒚𝟏𝟐

𝒙𝟐𝟏
𝒚𝟐𝟏

𝒙𝟐𝟐
𝒚𝟐𝟐

.

.

.

.

.

.

𝒙𝒏𝟏𝟏
𝒚𝒏𝟏𝟏

𝒙𝒏𝟐𝟐
𝒚𝒏𝟐𝟐

𝑥𝑐1 𝜎𝑥
2

𝑦1 𝜎𝑥1
2

𝑛1 𝜎𝑦1
2

𝑥𝑐2 𝜎𝑥
2

𝑦2 𝜎𝑥2
2

𝑛2 𝜎𝑦2
2
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Comparison3

Least Squares Estimator 𝝈𝒙
𝟐 is known 2-samples pooled estimator

𝑉𝑎𝑟 መ𝛽1 =
1

𝑛 − 3
(
𝜎𝑦
2

𝜎𝑥
2 − 𝛽1

2) 𝑉𝑎𝑟 ෨𝛽1
∗ =

1

𝑛 − 1
(
𝜎𝑦
2

𝜎𝑥
2 + 𝛽1

2 ) 𝑉𝑎𝑟 ෨𝛽1 ≳
1

𝑛1 − 1
(
𝜎𝑦1
2

𝜎𝑥
2 +

𝑛2 − 𝑛1
𝑛1 + 𝑛2

𝛽1
2)
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Comparison between  መ𝛽1(LSE)  and  ෨𝛽1∗ (𝜎𝑥2 is known)3

In an extreme special case : 𝑦 = 𝛽0 + 𝛽1𝑥

መ𝛽1 = 𝛽1 ෨𝛽1
∗ = 𝛽1

𝑆𝑥
2

𝜎𝑥
2

perfect estimation not a perfect estimator whenever 𝑆𝑥2 ≠𝜎𝑥
2
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3

V𝑎𝑟 መ𝛽1 approaches to 0 𝑉𝑎𝑟 ෨𝛽1
∗ approaches to

2𝜎𝑦
2

𝜎𝑥
2(𝑛 −1)

Another insight : Cauchy - Schwartz inequality : 𝜎𝑥𝑦2 ≤ 𝜎𝑥
2𝜎𝑦

2

𝛽1
2 =

𝜎𝑥𝑦
2

𝜎𝑥
4 ≤

𝜎𝑦
2

𝜎𝑥
2

V𝑎𝑟 መ𝛽1 < 𝑉𝑎𝑟( ෨𝛽1
∗)

Comparison between V𝑎𝑟( መ𝛽1) and 𝑉𝑎𝑟( ෨𝛽1)
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Comparison between V𝑎𝑟( መ𝛽1) and 𝑉𝑎𝑟( ෨𝛽1)3

መ𝛽1 =
𝑠𝑥𝑦

𝑠𝑥
2 =

𝑠𝑥𝑦

𝜎𝑥
2

𝜎𝑥
2

𝑆𝑥
2 = ෨𝛽1

∗𝑤 ,𝑤ℎ𝑒𝑟𝑒 𝑤 =
𝜎𝑥
2

𝑆𝑥
2

when ෨𝛽1
∗ overestimates 𝛽1, the ratio 𝑤 will tend to pull መ𝛽1 down toward the true slope 𝛽1

V𝑎𝑟 መ𝛽1 < 𝑉𝑎𝑟( ෨𝛽1
∗)
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Comparison between 𝑉𝑎𝑟 ෨𝛽1
∗ and 𝑉𝑎𝑟( ෨𝛽1)3

𝑉𝑎𝑟 ෨𝛽1
∗ =

1

𝑛 − 1
(
𝜎𝑦
2

𝜎𝑥
2 + 𝛽1

2 ) 𝑉𝑎𝑟 ෨𝛽1 ≳
1

𝑛1 − 1
(
𝜎𝑦1
2

𝜎𝑥
2 +

𝑛2 − 𝑛1
𝑛1 + 𝑛2

𝛽1
2)

pooled estimator ෨𝛽1 Relationship between 𝑉𝑎𝑟 ෨𝛽1
∗ and 𝑉𝑎𝑟( ෨𝛽1)

𝑛1 is fixed
𝑛2 ⟶∞

𝑉𝑎𝑟 ෨𝛽1 would converge to 𝑉𝑎𝑟 ෨𝛽1
∗

finite 𝑛1and 𝑛2 𝑉𝑎𝑟 ෨𝛽1 < 𝑉𝑎𝑟 ෨𝛽1
∗



P A G E  1 3

Comparison between 𝑉𝑎𝑟 መ𝛽1 and 𝑉𝑎𝑟( ෨𝛽1)3

𝑉𝑎𝑟 መ𝛽1 =
1

𝑛 − 3
(
𝜎𝑦
2

𝜎𝑥
2 − 𝛽1

2) 𝑉𝑎𝑟 ෨𝛽1 ≳
1

𝑛1 − 1
(
𝜎𝑦1
2

𝜎𝑥
2 +

𝑛2 − 𝑛1
𝑛1 + 𝑛2

𝛽1
2)

pooled estimator ෨𝛽1 Relationship between𝑉𝑎𝑟 መ𝛽1 and 𝑉𝑎𝑟( ෨𝛽1)

𝑛1 ≫ 𝑛2 𝑉𝑎𝑟 መ𝛽1 ≈ 𝑉𝑎𝑟 ෨𝛽1
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Simulation4
population :

group 1 : 𝑥, 𝑦 ~𝐵𝑁(1, 2, 1.32, 22, 0.8)

group 2 : 𝑥, 𝑦 ~𝐵𝑁(1, 2.5, 1.32, 2.52, 0.7)

sample :

𝑛1 = 50

𝑛2 = 50
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Simulation4

Group 1 (𝛽1 = 1.23)

1. 𝜎𝐿𝑆𝐸 = 0.1372

2. 𝜎𝑀𝐿𝐸 = 0.1395

3. 𝜎𝑝𝑜𝑜𝑙𝑒𝑑 = 0.2197

4. 𝜎𝜎𝑥2 𝑖𝑠 𝑘𝑛𝑜𝑤𝑛 = 0.2851
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Conclusion5
➢ Using a known variance to estimate 𝛽1 may lead to an increase in the 

variance of the estimator, which is contrary to conventional statistical 
wisdom.

➢ The authors point out that this paradoxical result has important 
implications for interpreting the results of randomized experiments and 
propose a new method for better estimating the relationship between 
predictor variables and outcomes.
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