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1 Introduction

» This article presents a counterintuitive result regarding the estimation of a

regression slope coefficient ().

» The precision of the slope estimator can deteriorate when additional information

IS used to estimate its value.

A. pooled estimate of the variance Var(ﬁl) > not pooled estimate of the variance

VaT(Bl)
B. actualvarianceis known Var(ﬁf) > actual variance is unknown Var ()
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2 Simple Linear Regression Model

y =By + B1x +&,E(e) = 0,Var(e) = o2 with x independent of ¢

where E(y|x) = By + B1x, Var(y|x) = o*

£()= () - eor () =( 72)

Ox
b1 = — Bo :.Uy—,BLUx

oz '
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2 Estimating the Var(f;) (Least Squares Estimator)

s Sxy i=1(xi — )i —¥) 5 1 03% 2
s lu— V —
ﬁl S)% ?=1(xi . f)z ar(ﬁl) n — 3 (O-_Qg ﬁl)

<proof>  Vyar(p,) =Var (E(Bl‘x)) + E(Var(B4]x))

Sz(n 1))

)1

= Var(B,) + E(

=0+ 5 E((” DS

.81 Ux
(n 3)Ux

1

— ( ,31)
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2 Estimatingthe Var(£}) (o2 is known)

_ _ 2
~ Sxy i=1(xi = )i — ) > % 1 Ty 2
= L = L/aﬂ" — I
02 (n —1)o? (ﬁl) n—1 ( o P1)

< proof > Var(ﬁf) =F (Var(ﬁf‘x)) + Var(E(B{]x))

Y S2
=k (Sfé(n—l)) +Var (a_p%ﬁl)
a2 2%
d2(n-1) n-1

= L (Z+p2)
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2 Estimating the Var(ﬁl) (2-Samples pooled estimator)

Treatment1 | Treatment 2
X11 X12
Y11 Y12
X21 X22
Y21 Y22
xnll xn22
Ynll ynzz

2 2
xcl Ux xcz Ux
2 2
Y1 Ox1 Y2 Oy
2 2
ny 0yq Ny 0y

2
-~ Nny+n, —2 _
1= 1 (Zxéjxcj) "Xe1Y1
ny — —
var(G,) > of n+n,—2, 2pBf n2—1)
! ~oi(ng—1)" ny+n, n—1mn+n,
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3 Comparison

Least Squares Estimator

o2 is known

2-samples pooled estimator

; 1 oy
Var(h) = —= G = B?)

X

< 1 o
Var(lgl) :n_1(0_2+ﬁ1)
X

~ 1 0-21 ny, — Ny
Va > >~ + 2
r(ﬁl) n1—1(0'2 nq +7’l2'81)

X
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Comparison between f;(LSE) and £} (a2 is known)

In an extreme specialcase:y = By + [1x

. s
b1 = b1 b1 =P1—=
O-X
perfect estimation not a perfect estimator whenever S2 # g2
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3 Comparison between Var(B3,) and Var(53,)

Var (Bl) < Var (Ef )

Another insight : Cauchy - Schwartz inequality : oy, < oy 0y

IBZ — O-D?y < 0-_3%
==
A N * 20_32’
Var(f;) approaches to 0 Var(pB;) approaches to 2(n—1)
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3 Comparison between Var(83,) and Var(5,)

Var (ﬁl) < Var (E{ )

2 2
~  Syyv  Syv (0% ~ Oy
B ==L =" = [;w ,wherew =—=
2 2 SZ 1 SZ

SX' O-X X X

when Ef overestimates [, the ratio w will tend to pull ,31 down toward the true slope [,
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Comparison between Var(f;) and Var(f;)

N * 1 0-3% 2
VClT'(,Bl) =n_1(0_2+ﬁ1)
X

1 0-331 n

~ 2 — My 2
vV < +

pooled estimator 3,

Relationship between Var(f;) and Var(B;)

n, is fixed

Var(B;) would converge to Var(f;)

finite n{and n,

Var(ﬁl) < Var(ﬁf)
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3 Comparison between Var(,) and Var(f;)

. 1 o2
Var(ﬁl) = (ch;

- b

2
1

)

~ 1 op1 My —my
Var = >+ :
(ﬂl) ng — 1 ( 0-3? nq + no ﬁl)

pooled estimator 3,

Relationship betweenVar(B; ) and Var(B;)

ng »>n,

Var(ﬁl) x Var(ﬁl)

PAGE 13




4 Simulation

population:

sroup 1: (x,y)~BN(1,2,1.3%,2%,0.8)
group 2: (x,y)~BN(1,2.5,1.3%,2.5%,0.7)
sample:

ny = 50

n, = 50

Density

Slope Estimates: Two Independent Samples

— Non-Pooled

= = Pooled
+  Known x-Variance
-- mle
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4 Simulation

Group 1 (f; = 1.23)
1. O1SE — 0.1372
2. OMLE — 0.1395
3. Upooled = 0.2197

= (0.2851

4. 042 is known

Density

3.0

2.5

2.0

1.5

1.0
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Slope Estimates: Two Independent Samples

— Non-Pooled
= = Pooled

- Known x=Variance

-- mile
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5 Conclusion

» Using a known variance to estimate 3; may lead to an increase in the
variance of the estimator, which is contrary to conventional statistical
wisdom.

» The authors point out that this paradoxical result has important
Implications for interpreting the results of randomized experiments and
propose a new method for better estimating the relationship between
predictor variables and outcomes.
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