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本章大綱&學習目標
 探索式資料分析 (EDA)

 EDA簡介，川普推特發文例子

 資料視覺化的重要性

 圖表的誤用

 3D動態圖 (rgl套件)

 用R畫地圖

 維度縮減方法

 奇異值分解 (Singular Value Decomposition, SVD)

 主成份分析 (Principal Component Analysis, PCA)

 多維尺度法 (Multidimensional Scaling, MDS) 

 等軸距特徵映射 (Isometric Feature Mapping, ISOMAP)

 高維度低樣本數資料 (High-dimension Low-sample Size, HDLSS) 

 維度縮減評估指標
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什麼是探索性資料分析?
(Exploratory Data Analysis, EDA)

 EDA method is generally cross-classified in two ways: 
 either non-graphical or graphical. 
 either univariate or multivariate (usually just bivariate).

 EDA is an iterative cycle.

Data information

Exploratory Data Analysis (EDA) Tool
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學習資源

https://www.youtube.com/playlist?list=PLjTlxb-wKvXPhZ7tQwlROtFjorSj9tUyZ

https://www.coursera.org/courses?query=exploratory%20data%20analysis

• UDACITY: 
• edX: 
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學習資源
5/82



http://www.hmwu.idv.twhttp://www.hmwu.idv.twhttp://www.hmwu.idv.twhttp://www.hmwu.idv.tw

EDA在資料科學中的重要性
 Exploratory Data Analysis (EDA) is an approach/philosophy for data 

analysis that employs a variety of techniques (mostly graphical) to
 summaries for large, complicated data sets.
 maximize insight into a data set,
 discover underlying structure, patterns, features, trends, outliers, anomalies, and 

relationships in data .
 refine your questions and/or generate new questions about your data.
 helps determine how best to manipulate data sources to get the answers you need,
 extract important variables,
 investigate the quality of your data: detect outliers and anomalies (detection of mistakes),
 determine if the statistical techniques are appropriate,
 test a hypothesis, or check assumptions in statistical models,
 develop parsimonious models,,
 determine optimal factor settings,
 determine relationships among the explanatory variables, and outcome variables

 Interaction between the researcher and the data.

 Identifying the areas of interest.

 You should always look at every variable - you will learn something!
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John Tukey (1915~2000):
統計學界的畢卡索

生平
 布朗大學化學學士及碩士。
 1939年: 普林斯頓大學數學博士。(數理統計)
 二次大戰加入火砲控制研究室，以及後來加入AT&T貝

爾實驗室(創立統計組)，接觸統計上的實際問題。

對後世的貢獻
 發明快速傅立葉轉換(FFT)。
 創造bit (位元)及 software(軟體) 。
 探索性的資料分析 (Exploratory Data Analysis, EDA, 1977)

「對正確的問題有個近似的答案，

勝過對錯的問題有精確的答案。」

Source: http://www.unige.ch/ses/sococ/cl/bib/eda/tukey.html

"An approximate answer to the right question is worth a great deal more 
than a precise answer to the wrong question."
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「統計應該是科學，而非數學！」

Stem and Leaf Plot Box-and-whisker plot

Stanford Linear Accelerator (1973)

他曾挑戰當時主流的數理統計學家，堅持 data analysis 
是統計分析中不可忽視的步驟，數學的假設需要 data 加
以驗證才可行。 Tukey 說過統計應該是科學，而非數學！

數學思維 vs 統計思維
証明在哪裏? vs 數據在哪裏?
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What Do They Say About EDA?
 Daniel Borcard, Francois Gillet, Pierre Legendre (2011):

 A first exploratory look at the data can tell much about them. 

 Information about simple parameters and distributions of variables is 
important to 
consider in order to choose more 
advanced analyses correctly. 

 EDA is often neglected by people who are eager to 
jump to more sophisticated analyses. It should 
have an important place.

Source: google images
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資料視覺化

藝術
(設計)

資料
視覺化

數據
(資料)

技術
(數學統計
資訊科學)

https://geekplux.com/2017/01/01/basics-of-data-visualization-the-process-model.html

通用的視覺化流程 (分析-處理-生成)

說出數據的故事：設計資料視覺化的要點
https://www.inside.com.tw/2015/07/10/telling-the-story-of-your-data

Visualization = Graphing for Data +   Fitting + Graphing for Model

Visualization: Making things/processes/abstractions visible (to transform into pictures) that 
are not directly accessible by the human eye.
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資料視覺化 (Data Visualization)
Scientific Visualization, Information Visualization, Visual Analytics

 Scientific Visualization: 
 以圖像方式說明科學資料(天然幾何結構: 如磁感線、

流體分佈等)，使科學家能夠從資料中瞭解、
說明和收集規律。

 觀察基於物理的數據(人體、地球、分子等幾何結構)。

 通常是三維資料現象的視覺化。例如: 建築學、氣象學、
醫學或生物學方面的各種系統。

 Information Visualization: 
 處理抽象概念、非結構化的資料集合，轉化成為視覺化資訊。

(包括數位和非數位資料，例如金融數據、地理資訊、
層次結構、文本)

 互動式視覺呈現以加強人類認知。
例如: 柱狀圖、趨勢圖、流程圖、樹狀圖等。

 Visual Analytics: 
 利用互動式視覺介面進行分析推理的科學。

 有效結合人腦智慧和機器智慧，以視覺感知為通道，
通過視覺化互動介面，降低資料的複雜度到人腦與
機器智慧均可處理的範圍。

SAS Visual Analytics
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例子: 川普推特誰寫的? 12/82
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有疑問?

言詞激烈

數據分析師David Robinson發現，川普發表祝賀內容時，是透過iPhone；而用來
抨擊選戰對手時，則是透過Android手機。到底川普個人推特推文的差異，從何而
來？這些推文是不是由他一個人包辦，
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發文時間對比
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發文習慣對比

有雙引號

有雙引號

無雙引號

無雙引號

無圖片/Link

無圖片
無Link

有圖片/Link

有圖片
Link
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發推文文字對比
16/82
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情感分析

 用 tidytext 當中的NRC Word-
Emotion Association辭典，數據
分析師將推文的用詞跟「積極、
消極、憤怒、期待、厭惡、恐懼、
快樂、悲傷、驚訝、信任」這十
種情緒進行了關聯分析，結果發
現：

 Android手機的推文中(共4901個
字)，總共有321個字與「憤怒」
的情感有關、有207個字與「厭惡
」的情緒有關。

 而透過Poisson test 分析後，更
可明顯發現Android手機的推文
更喜歡使用強烈情緒性的字眼，
若透過95%信賴區間來看，就能
看出Android手機推文與iPhone
推文的不同。
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總結: 川普推特誰寫的?

 川普個人推特的推文，來自
Android手機的發文與來自
iPhone的發文，明顯是由不同
人所寫，因為發推時間、推文
內容、標籤使用率、轉發方式
都截然不同。且來自Android
手機的推文也顯得更為激烈與
消極。

 川普個人用來發推的行動裝置，
就是三星的Galaxy系列手機。
基於上述分析，幾乎可以確定
來自Android手機的推文是由
川普本人所發；而來自iPhone
的推文，則應該是出於他助理
團隊之手。

 從川普個人推特帳號的單則推文中，可能看不出個所以然。然而在
大數據的分析下，卻能很清楚看出脈絡。
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Text Analysis of Trump’s Tweets 
with R Code

https://dzone.com/articles/text-analysis-of-trumps-tweets-confirms-he-writes

the majority of the tweets from the iphone are fairly 
benign declarations. but consider cases like these, both 
posted from an iphone: 
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Why Data Visualization?
 It is not about "infographics", the beautiful, heavily customized products of expert graphic 

designers.
 Data visualization can provide clear understanding of patterns in data, detect hidden structures in 

data, condense information.
 Anscombe's quartet comprises four datasets. They were constructed in 1973 by the statistician 

Francis Anscombe to demonstrate both the importance of graphing data before analyzing it and 
the effect of outliers on statistical properties.

 Four datasets have nearly identical simple statistical properties, yet appear very different when 
graphed.

http://ryanwomack.com/IASSIST/DataViz/

https://en.wikipedia.org/wiki/Anscombe's_quartet

Mean of x in each case: 9 (exact)
Sample variance of x in each case: 11 (exact)
Mean of y in each case: 7.50 (to 2 decimal places)
Sample variance of y in each case: 4.122 or 4.127 (to 
3 decimal places)
Correlation between x and y in each case: 0.816 (to 3 
decimal places)
Linear regression line in each case: y = 3.00 + 
0.500x (to 2 and 3 decimal places, respectively)
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Anscombe's Quartet
 Mean of x in each case: 9 (exact)

 Sample variance of x in each case: 11 (exact)

 Mean of y in each case: 7.50 (to 2 decimal places)

 Sample variance of y in each case: 4.122 or 4.127 (to 3 decimal places)

 Correlation between x and y in each case: 0.816 (to 3 decimal places)

 Linear regression line in each case: y = 3.00 + 0.500x (to 2 and 3 decimal places, respectively)
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anscombe {datasets}
Anscombe's Quartet of ‘Identical’ Simple Linear Regressions

> head(anscombe, 3)
x1 x2 x3 x4    y1   y2    y3    y4

1  10 10 10  8  8.04 9.14  7.46  6.58
2   8  8  8  8  6.95 8.14  6.77  5.76
3  13 13 13  8  7.58 8.74 12.74  7.71
> apply(anscombe, 2, mean)

x1       x2       x3       x4       y1       y2       y3       y4 
9.000000 9.000000 9.000000 9.000000 7.500909 7.500909 7.500000 7.500909 
> apply(anscombe, 2, sd)

x1       x2       x3       x4       y1       y2       y3       y4 
3.316625 3.316625 3.316625 3.316625 2.031568 2.031657 2.030424 2.030579 
> mapply(cor, anscombe[,1:4], anscombe[,5:8])

x1        x2        x3        x4 
0.8164205 0.8162365 0.8162867 0.8165214 
> mapply(function(x, y) lm(y~x)$coefficients, anscombe[, 1:4], anscombe[, 5:8])

x1       x2        x3        x4
(Intercept) 3.0000909 3.000909 3.0024545 3.0017273
x           0.5000909 0.500000 0.4997273 0.4999091

boxplot(anscombe)

par(mfrow=c(2, 2))
regplot <- function(x, y){ 

plot(y~x) 
abline(lm(y~x), col="red")

}
mapply(regplot, anscombe[, 1:4], anscombe[, 5:8])
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The Datasaurus Dozen
install.packages("datasauRus")

Justin Matejka and George Fitzmaurice, Same Stats, Different Graphs: Generating Datasets with Varied Appearance and 
Identical Statistics through Simulated Annealing. https://dl.acm.org/doi/10.1145/3025453.3025912 
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Infovis and Statistical Graphics: 
Different Goals, Different Looks

Journal of Computational and Graphical Statistics,  Volume 22, 2013 - Issue 1
 Infovis and Statistical Graphics: Different Goals, Different Looks

Andrew Gelman & Antony Unwin, Pages: 2-28
 InfoVis Is So Much More, Robert Kosara, Pages: 29-32
 InfoVis and Statistical Graphics: Comment

Paul Murrell, Pages: 33-37
 Graphical Criticism: Some Historical Notes

Hadley Wickham , Pages: 38-44
 Tradeoffs in Information Graphics

Andrew Gelman &  Antony Unwin , Pages: 45-49

http://emarketingwall.com/how-twitter-responded-to-the-latest-episode-of-game-of-thrones

https://www.r-bloggers.com/words-in-politics-some-extensions-of-the-word-cloud/
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不好的圖形~
 Friedman (2008):

 The main goal of data visualization is to 
communicate information clearly and 
effectively through graphical means.

 (X) look boring to be functional or 
extremely sophisticated to 
look beautiful. 

 Designers often fail to achieve a balance between 
(aesthetic) form and functionality, creating gorgeous 
data visualizations which fail to serve their main purpose 
— to communicate information. https://www.smashingmagazine.com/

https://wpengine.com/blog/ugly-side-data-visualization/
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圖表的修正與改進
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圖表的誤用

Source: https://www.managertoday.com.tw/articles/view/51480 Source: http://ir.tari.gov.tw:8080/bitstream/
345210000/3094/1/journal_arc_60-1-6.pdf

Misleading Graphs: Real Life Examples 
http://www.statisticshowto.com/misleading-graphs/
The top ten worst graphs
https://www.biostat.wisc.edu/~kbroman/topten_worstgraphs/
Bad Infographics: 11 Mistakes You Never Want to Make
http://blog.visme.co/bad-infographics/
13 Graphs That Are Clearly Lying 
https://www.buzzfeed.com/katienotopoulos/graphs-that-lied-to-us?utm_term=.qsnBZa6Qa#.xePkLjDaj
11 Most Useless And Misleading Infographics On The Internet
https://io9.gizmodo.com/11-most-useless-and-misleading-infographics-on-the-inte-1688239674
The most misleading charts of 2015, fixed
https://qz.com/580859/the-most-misleading-charts-of-2015-fixed/
Misleading graph
https://en.wikipedia.org/wiki/Misleading_graph

Example: 「蔡政府執政後出生數連年下滑」
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圖表的誤導? 28/82
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圖表的誤導? 29/82
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修正過後的圖表? 30/82
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更多範例

CDC是作圖之鬼嗎?
https://www.ptt.cc/bbs/Gossiping/M.1642833713.A.D40.html
CDC 製圖技術之演進
https://www.ptt.cc/bbs/Gossiping/M.1642920918.A.BD5.html
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圖表的應用:儀表板 (Dashboard)

Highcharts - Interactive 
javascript charts library
https://www.highcharts.com
/

sample dashboard from CHARTIO
https://chartio.com/docs/dashboards
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rgl
3D visualization device system (OpenGL)

> library(rgl)
> demo(rgl)
>
> open3d()
> x <- sort(rnorm(1000))
> y <- rnorm(1000)
> z <- rnorm(1000) + atan2(x,y)
> plot3d(x, y, z, col=rainbow(1000), size=2)
> 
> M <- par3d("userMatrix")
> play3d(par3dinterp(userMatrix=list(M, rotate3d(M, pi/2, 1, 0, 0), 
+                                       rotate3d(M, pi/2, 0, 1, 0))),
+                                       duration=4)

http://www.sthda.com/english/download/3-ebooks/6-complete-guide-to-3d-plots-in-r/

# 90 degree rotation about the x axis

> M
[,1]       [,2]       [,3] [,4]

[1,] -0.98849827 -0.1478247 -0.0319229    0
[2,] -0.01036166 -0.1443882  0.9894670    0
[3,] -0.15087697  0.9784170  0.1411958    0
[4,]  0.00000000  0.0000000  0.0000000    1

STHDA: rgl
http://www.sthda.com/english/wiki/a-complete-guide-to-3d-visualization-device-system-in-r-r-software-and-data-visualization

• 截取靜態2d圖: rgl.postscript {rgl}, 或
rgl.snapshot {rgl}.

• 存出動態圖: writeWebGL {rgl}.
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範例: rgl
> library("rgl")
> open3d()
> plot3d(iris[,1:3], col=as.integer(iris[,5])+1, type ="p", size=10)

> plot3d(iris[,1:3], col=as.integer(iris[,5])+1, type ="s", 
+        radius=0.15)
> bbox3d(color=c("red", "black"), emission="gray", 
+        specular="yellow", shininess=5, alpha=0.8, nticks = 3) 
> aspect3d(1,1,1)
> 
> lines3d(iris[c(1, 150), 1:3], col="purple", lwd=2)
> # points3d, lines3d,segments3d,triangles3d, quads3d.
> 
> shapes <- list(cube3d(), tetrahedron3d(), octahedron3d(), 
+ icosahedron3d(), dodecahedron3d(), cuboctahedron3d())
> shapelist3d(shapes, x=1, y=1:6, z=1, size=0.3, col=1:6)
> aspect3d(1,1,1)
> 
> texts3d(x=2, y=6, z=6, texts="rgl Example", font=2, 
+         color="blue", cex=2, family="serif")
> 
> # Show regression plane with z as dependent variable
> fit <- lm(iris[,3] ~ iris[,1] + iris[,2])
> coefs <- coef(fit)
> planes3d(a=coefs[2], b=coefs[3], c=-1, d= coefs["(Intercept)"], 
+          alpha = 0.5) 
> # planes3d draws planes using ax + by + cz + d = 0.
> 
> play3d(spin3d(axis = c(0, 0, 1), rpm = 20), duration = 4)
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範例: rgl, explore a comet
Explore a comet with R's "rgl" package
December 24, 2014
http://blog.revolutionanalytics.com/2014/12/explore-a-comet-
with-rs-rgl-package.html
"Last month, the Philae lander touched down
on comet Churyumov–Gerasimenko. In the 
process, the lander and the orbiting Rosetta 
probe captured detailed data on the geometry 
of the comet, which the ESA published as a 
shape file. ..."

> open3d()
> # comet <- readOBJ(url("http://sci.esa.int/science-e/www/object/doc.cfm?fobjectid=54726"))
> comet <- readOBJ("ESA_Rosetta_OSIRIS_67P_SHAP2P.obj")
> class(comet)
[1] "mesh3d"  "shape3d"
> str(comet)
List of 6
$ vb           : num [1:4, 1:31456] -0.394 0.402 0.443 1 -0.163 ...
$ it           : num [1:3, 1:62908] 14327 6959 18747 8258 15598 ...
$ primitivetype: chr "triangle"
$ material     : NULL
$ normals      : NULL
$ texcoords    : NULL
- attr(*, "class")= chr [1:2] "mesh3d" "shape3d"

> shade3d(comet, col="gray")

# it: indices for triangular faces
# ib: indices for quad faces
# vb: matrix of vertices: 4xn matrix (rows 
x, y, z, h) or equivalent vector, where h 
indicates scaling of each plotted quad

https://en.wikipedia.org/wiki/67P/Churyumov%E2%80%93Gerasimenko
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用R語言畫地圖

 若要使用Google 地圖:
 需註冊Google Cloud Platform雲端服務
 從RStudio測試是否已註冊GCP成功

 以下僅說明如何畫面量圖(Choropleth 
Maps)。

選讀
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Making maps with R packages

Chapter 8: Making maps with R, Robin Lovelace, Jakub Nowosad, Jannes Muenchow, 2019-08-30
https://geocompr.github.io/geocompkg/articles/solutions08.html

plot ggplot2tmap

leaflet mapview cartography

選讀
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Creating a Map
> library(ggplot2)
> library(maps)
> library(mapproj)
> states.map <- map_data("state")
> head(states.map, 3)

long      lat group order  region subregion
1 -87.46201 30.38968     1     1 alabama <NA>
2 -87.48493 30.37249     1     2 alabama <NA>
3 -87.52503 30.37249     1     3 alabama <NA>
> tail(states.map, 3)

long      lat group order  region subregion
15597 -107.9223 41.01805    63 15597 wyoming <NA>
15598 -109.0568 40.98940    63 15598 wyoming <NA>
15599 -109.0511 40.99513    63 15599 wyoming <NA>

> ggplot(states.map, aes(x=long, y=lat, group=group)) + 
geom_polygon(fill="white", colour="black")

> ggplot(states.map, aes(x=long, y=lat, group=group)) +
geom_path() + coord_map("mercator")

mercator: equally spaced straight meridians, conformal, straight compass courses

Source: 13.17. Creating a Map, R Graphics Cookbook 2nd

選讀
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分級著色圖 /面量圖(Choropleth Maps)
> world.map <- map_data("world")
> sort(unique(world.map$region))

[1] "Afghanistan"              "Albania"                 
[3] "Algeria"                  "American Samoa"          
[5] "Andaman Islands"          "Andorra" 
...

> country <- c("France", "Austria", "Italy", "Switzerland", "Germany", "Spain", "Czech 
Republic")
> mymapdata <- map_data("world", region = country)
> ggplot(mymapdata, aes(x = long, y = lat, group = group, fill = region)) + 

geom_polygon(colour = "black") + 
scale_fill_brewer(palette = "Set2")

NOTE:
See the mapdata package for more 
map data sets. It includes maps of China 
and Japan, as well as a high-resolution 
world map, worldHires.
See Also: mapproject, map

選讀
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Violent Crime Rates by US State (USArrests)

> head(USArrests, 3)
Murder Assault UrbanPop Rape

Alabama      13.2     236       58 21.2
Alaska       10.0     263       48 44.5
Arizona       8.1     294       80 31.0
> crimes <- data.frame(state = tolower(rownames(USArrests)), USArrests)
> head(crimes, 3)

state Murder Assault UrbanPop Rape
Alabama       alabama 13.2     236       58 21.2
Alaska         alaska   10.0     263       48 44.5
Arizona       arizona    8.1     294       80 31.0

> library(maps); library(ggmap)
> states.map <- map_data("state")
> head(states.map, 3)

long      lat group order  region subregion
1 -87.46201 30.38968     1     1 alabama <NA>
2 -87.48493 30.37249     1     2 alabama      <NA>
3 -87.52503 30.37249     1     3 alabama      <NA>
> crime.map <- merge(states.map, crimes, by.x="region", by.y="state")
> head(crime.map, 3)

region long      lat group order subregion Murder Assault UrbanPop Rape
1 alabama -87.46201 30.38968     1     1      <NA>   13.2     236       58 21.2
2 alabama -87.48493 30.37249     1     2      <NA>   13.2     236       58 21.2
3 alabama -87.95475 30.24644     1    13      <NA>   13.2     236       58 21.2

Violent Crime Rates by US State (USArrests): the data set contains statistics, in arrests per 
100,000 residents for assault, murder, and rape in each of the 50 US states in 1973. Also given is the 
percent of the population living in urban areas.

選讀
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分級著色圖 /面量圖(Choropleth Maps)
> library(plyr) 
> crime.map <- arrange(crime.map, group, order)
> head(crime.map, 3)

region      long      lat group order subregion Murder Assault UrbanPop Rape
1 alabama -87.46201 30.38968     1     1      <NA>   13.2     236       58 21.2
2 alabama -87.48493 30.37249     1     2      <NA>   13.2     236       58 21.2
3 alabama -87.52503 30.37249     1     3      <NA>   13.2     236       58 21.2
> ggplot(crime.map, aes(x=long, y=lat, group=group, fill=Assault)) +

geom_polygon(colour="black") +
coord_map("polyconic")

ggplot(crime.map, aes(x=long, y=lat, group=group, fill=Assault)) +
geom_polygon(colour="black") +
coord_map("polyconic") +
scale_fill_gradient2(low="blue", mid="grey", high="red",

midpoint=median(crimes$Assault)) 

選讀
41/82



http://www.hmwu.idv.twhttp://www.hmwu.idv.twhttp://www.hmwu.idv.twhttp://www.hmwu.idv.tw

維度縮減
Dimension Reduction

PCA
FA

MDS

Methods using additional information y: LDA, Sufficient 
Dimension Reduction (SIR, SAVE, pHd, IRE,...)

input data matrix:
X

Y

keep information as much as possible without loss of information.

transformed data 
matrix: Z

Visualization

Clustering

Classification

....
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Why Reduce Dimensionality?

 Reduces time complexity:
less computation 

 Reduces space complexity: 
Less parameters

 Saves the cost of observing the features:
input is unnecessary.

 Simpler models are more robust on small datasets:
simpler models vary less depending on the particulars of 
a sample.

 More interpretable; simpler explanation
 Data visualization (structure, groups, outliers, etc) if 

plotted in 2 or 3 dimensions. (Dimension reduction visualization is 
often adopted for presenting grouping structure for methods such as K-
means.)
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Singular Value Decomposition

 The m columns of U are called the left singular vectors. The n columns of 
V are called the right singular vectors.
 The right singular vectors are eigenvectors of ATA.
 The left singular vectors are eigenvectors of AAT.
 The non-zero values of S are the square root of the eigenvalues of AAT and ATA are 

called the singular values

 U and V are unitary matrixes, i.e. UUT=I, VVT=I.

奇異值分解
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SVD: Making Approximations
> iris.sub <- iris[sample(1:150, 8),1:4]
> iris.sub

Sepal.Length Sepal.Width Petal.Length Petal.Width
58          4.9         2.4          3.3         1.0
59          6.6         2.9          4.6         1.3
77          6.8         2.8          4.8         1.4
84          6.0         2.7          5.1         1.6
54          5.5         2.3          4.0         1.3
39          4.4         3.0          1.3         0.2
71          5.9         3.2          4.8         1.8
87          6.7         3.1          4.7         1.5
> M.svd <- svd(iris.sub)
> M.svd
$d
[1] 22.2553197  2.2360595  0.7611307  0.1773813

$u
[,1]         [,2]         [,3]        [,4]

[1,] -0.2898553 -0.096733080 -0.007319459 -0.05013322
[2,] -0.3885172 -0.006908608  0.305429166 -0.28018114
[3,] -0.3992219  0.066823762  0.450619905  0.06954991
[4,] -0.3793864  0.327663490 -0.174978375 -0.69121320
[5,] -0.3275406  0.106859076  0.218964907  0.50428246
[6,] -0.2285027 -0.918407065 -0.136688043 -0.13248141
[7,] -0.3782377  0.154232634 -0.776519488  0.27425130
[8,] -0.3989561 -0.009386179  0.058068514  0.29884180

$v
[,1]       [,2]       [,3]       [,4]

[1,] -0.7497994 -0.3154600  0.5318218  0.2354811
[2,] -0.3527468 -0.5480151 -0.7276317 -0.2140122
[3,] -0.5343751  0.7023730 -0.1376906 -0.4496184
[4,] -0.1667746  0.3268587 -0.4108028  0.8346201

> M.svd$u %*% (diag(M.svd$d) %*% t(M.svd$v)) 
[,1] [,2] [,3] [,4]

[1,]  4.9  2.4  3.3  1.0
[2,]  6.6  2.9  4.6  1.3
[3,]  6.8  2.8  4.8  1.4
[4,]  6.0  2.7  5.1  1.6
[5,]  5.5  2.3  4.0  1.3
[6,]  4.4  3.0  1.3  0.2
[7,]  5.9  3.2  4.8  1.8
[8,]  6.7  3.1  4.7  1.5
> 
> # use the first two values to approximate
> d.sub <- diag(M.svd$d[1:2])   
> u.sub <- as.matrix(M.svd$u[, 1:2])
> v.sub <- as.matrix(M.svd$v[, 1:2])
> iris.sub.approx <- u.sub %*% d.sub %*% t(v.sub)
> iris.sub.approx

[,1]     [,2]     [,3]      [,4]
[1,] 4.905057 2.394043 3.295235 1.0051334
[2,] 6.488070 3.058517 4.609664 1.4369796
[3,] 6.614690 3.052204 4.852772 1.5306008
[4,] 6.099701 2.576853 5.026535 1.6476201
[5,] 5.390302 2.440411 4.063166 1.2938078
[6,] 4.460863 2.919270 1.275109 0.1768745
[7,] 6.202869 2.780357 4.740493 1.5166003
[8,] 6.664012 3.143504 4.729919 1.4739142
> 
> # compute the sum of squared errors
> sum((iris.sub - iris.sub.approx)^2)
[1] 0.610784
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SVD: Image Compression (1/3)

Lenna 97: A Complete Story of Lenna
http://www.ee.cityu.edu.hk/~lmpo/lenna/Lenna97.html
https://en.wikipedia.org/wiki/Lenna
This scan became one of the most used images in computer history.[4] In a 1999 
issue of IEEE Transactions on Image Processing "Lena" was used in three separate 
articles,[5] and the picture continued to appear in scientific journals throughout the 
beginning of the 21st century. ... To explain Lenna's popularity, David C. Munson, 
editor-in-chief of IEEE Transactions on Image Processing, noted that it was a good 
test image because of its detail, flat regions, shading, and texture. However, he also 
noted that its popularity was largely because an image of an attractive woman 
appealed to the males in a male-dominated field
> # require packages: locfit, tiff, fftwtools
> library(EBImage) # (Repositories: BioC Software)
> lena <- readImage("lena.jpg")
> dims <- dim(lena)
> dims
[1] 512 512   3
> 
> plot(c(0, dims[1]), c(0, dims[2]), type='n', xlab="", ylab="")
> rasterImage(lena, 0, 0, dims[1], dims[2])

> library(jpeg) # install.packages("jpeg")
> lena <- readJPEG("lena.jpg")

if (!requireNamespace("BiocManager", quietly = TRUE))
install.packages("BiocManager")

BiocManager::install("EBImage")
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SVD: Image Compression (2/3)

> lena.flip <- Image(flip(lena))
> # convert RGB to grayscale
> red.weight <- .2989
> green.weight <- .587
> blue.weight <- 0.114
> 
> lena.gray <- red.weight * imageData(lena.flip)[,,1] + 
+              green.weight * imageData(lena.flip)[,,2] + 
+              blue.weight * imageData(lena.flip)[,,3]
> dim(lena.gray)
[1] 512 512
> lena.gray[1:5, 1:5]

[,1]       [,2]       [,3]       [,4]       [,5]
[1,] 0.07128863 0.06344627 0.05952510 0.06736745 0.07913098
[2,] 0.07913098 0.06736745 0.06344627 0.07128863 0.08305216
[3,] 0.08697333 0.07520980 0.07128863 0.07913098 0.09089451
[4,] 0.09089451 0.08305216 0.07913098 0.08305216 0.09873686
[5,] 0.09570980 0.08786745 0.08002510 0.08786745 0.10355216
> image(lena.gray, col = grey(seq(0, 1, length = 256)))

Converting RGB to grayscale/intensity
http://stackoverflow.com/questions/687261/converting-rgb-to-grayscale-intensity

工程師都愛的萊娜小姐 究竟是誰？(林一平 2019-12-06)
https://www.digitimes.com.tw/col/article.asp?id=1129

In 1972, at the age of 21. 67-year-old
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SVD: Image Compression (3/3)
> lena.svd <- svd(lena.gray)
> d <- diag(lena.svd$d)
> dim(d)
[1] 512 512
> u <- lena.svd$u
> v <- lena.svd$v
> plot(1:length(lena.svd$d), lena.svd$d, pch=19, xlab="i-th lena.svd$d", ylab="lena.svd$d")
> 
> used.no <- 20
> u.sub <- as.matrix(u[, 1:used.no])
> v.sub <- as.matrix(v[, 1:used.no])
> d.sub <- as.matrix(d[1:used.no, 1:used.no])
> lena.approx <- u.sub %*% d.sub %*% t(v.sub)
> image(lena.approx, col = grey(seq(0, 1, length = 256)))
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Principal Component Analysis
PCA is a method that reduces data dimensionality by finding the new 
variables (major axes, principal components).

Image source: 61BL4165 Multivariate Statistics, Department of Biological Sciences, Manchester 
Metropolitan University 

Amongst all possible projections, PCA finds the projections so that the 
maximum amount of information, measured in terms of variability, is retained 
in the smallest number of dimensions.

Karl Pearson 1901; 
Hotelling 1933; 
Jolliffe 2002
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PCA: Loadings and Scores

PCA is the spectral decomposition of the variance covariance 
matrix, S, of the data matrix, X. we can write S=CDCT . 
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PCA: General Methodology

 Find a low-dimensional space such that when x is projected there, 
information loss is minimized.

 PCA centers the sample and then rotates the axes to line up with 
the directions of highest variance.

?cov
x <- iris[, 1:4]
cov(x)

51/82



http://www.hmwu.idv.twhttp://www.hmwu.idv.twhttp://www.hmwu.idv.twhttp://www.hmwu.idv.tw

PCA: General Methodology

拉格朗日

x <- iris[, 1:4]
(covx <- cov(x))
e <- eigen(covx)
V <- e$vectors
V.inverse <- solve(e$vectors)
covx.hat <- V %*% diag(e$values) %*% V.inverse
covx.hat # same with covx
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How Many Components to Use?
 The proportion of Variance explained by the first k principal 

components 

 If λj < 1 then component explains less variance than original variable 

(correlation matrix).

 Use 2 components (or 3) for visual ease.

 Keep only the eigenvectors with eigenvalues greater than average 

eigenvalue.

 Keep only those which have higher than the average input variance.
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Scree Diagram

At the elbow, adding 
another eigenvector 
does not significantly 
increase the variance 
explained.
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PCA: Potential Problems
 Sensitive to outliers

 Robust estimation
 Discarding the isolated data points that are far away.

 Lack of Independence
 NO PROBLEM

 Lack of Normality
 Normality desirable 

but not essential

 Lack of Precision
 Precision desirable 

but not essential

 Many Zeroes in Data Matrix
 Problem

(use Correspondence Analysis)

Example: 

This works better than taking the 
average because we take into 

account correlations and 
differences in variances.

average
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Circle of Correlations

Circles of correlations associated with 
the first two DR components based on
the applied vector and path point 
approaches applied to the microarray 
data of the yeast cell cycle.
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範例: Microarray Data of Yeast Cell Cycle
 Synchronized by alpha factor arrest method (Spellman et al. 1998; Chu et al. 1998)

 103 known genes: every 7 minutes and totally 18 time points. (remove NA’s: 79 genes)

cell.matrix  <- read.table("YeastCellCycle_alpha.txt", header=TRUE, row.names=1)
n <- dim(cell.matrix)[1]
p <- dim(cell.matrix)[2]-1
cell.data <- cell.matrix[,2:p+1]
gene.phase <- cell.matrix[,1]
phase <- unique(gene.phase)
phase.name <- c("G1", "S", "S/G2", "G2/M", "M/G1")
cell.sdata <- t(scale(t(cell.data))) 
rc <- rainbow(5)[as.integer(gene.phase)]
cc <- rainbow(ncol(cell.sdata))
hv <- heatmap(cell.sdata, col = GBRcol, scale = "column", Colv=NA, Rowv=NA,

RowSideColors = rc, ColSideColors = cc, margins = c(5,10),
xlab = "Times", ylab =  "Genes", main = "Heatmap of Microarray Data")
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PCA on Conditions
cell.pca <- princomp(cell.sdata, cor=TRUE, scores=TRUE)
# 2D plot for first two components
pca.dim1 <- cell.pca$scores[,1]
pca.dim2 <- cell.pca$scores[,2]
plot(pca.dim1, pca.dim2, main="PCA for Cell Cycle Data on Genes", xlab="1st PCA 

Component", ylab="2nd PCA Component",col=c(phase), pch=c(phase))
legend(3, 4, phase.name, pch=c(phase), col=c(phase))

# shows a screeplot.
plot(cell.pca) 
biplot(cell.pca)
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Loadings Plot
# loadings plot
plot(loadings(cell.pca)[,1], loadings(cell.pca)[,2], xlab="1st PCA", 
ylab="2nd PCA", main="Loadings Plot", type="n")
text(loadings(cell.pca)[,1], loadings(cell.pca)[,2], labels=paste(1:p))
abline(h=0)
abline(v=0)

# print loadings
loadings(cell.pca)  
summary(cell.pca)
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Multidimensional Scaling (MDS)
(Torgerson 1952; Cox and Cox 2001)

http://www.lib.utexas.edu/maps/united_states.html

?

 Classical MDS takes a set 
of dissimilarities and returns a 
set of points such that the 
distances between the points 
are approximately equal to 
the dissimilarities.

 projection from some 
unknown dimensional space 
to 2-d dimension.

MDS
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MDS: Metric and Non-Metric Scaling

Mathematically: for given k, compute points x1,…,xn in k-dimensional space such 
that the object function is minimized.

Goal of metric scaling
the Euclidean distances between these 
points approximate the entries in the 
dissimilarity matrix?

Goal of non-metric scaling
the order in distances coincides with the 
order in the entries of the dissimilarity 
matrix approximately?

Question: Given a dissimilarity matrix D of certain objects, can we 
construct points in k-dimensional (often 2-dimensional) space such that

 Given the distance between pairs of points, we don’t know the exact coordinates of the 
points, or their dimensionality, or how the distances are calculated.

 MDS is the method for placing these points in a low space such that the Euclidean 
distance between them in the two-dimensional space is as close as possible to the given 
distances in the original space.
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MDS to Microarray Data
cell.matrix <- read.table("YeastCellCycle_alpha.txt", header=TRUE, row.names=1)
n <- dim(cell.matrix)[1]
p <- dim(cell.matrix)[2]-1
cell.data <- cell.matrix[,2:p+1]
gene.phase <- cell.matrix[,1]
phase.name <- c("G1", "S", "S/G2", "G2/M", "M/G1")
cell.sdata <- t(scale(t(cell.data))) 
cell.cor <- cor(t(cell.sdata)) 
cell.dist <- sqrt(2*(1-cell.cor)) 
cell.mds <- cmdscale(cell.dist)
plot(cell.mds[,1], cell.mds[,2], type="n", xlab="MDS-1", ylab="MDS-2", main="MDS for 
Cell Cycle Data")
number <- c(1, 4, 5, 2, 3)[as.integer(gene.phase)]
phase.color <- c("green", "blue", "red", "gray", "yellow")
text(cell.mds[,1], cell.mds[,2], number, col= phase.color[number])
legend(-0.7, 1.0, phase.name, pch="01234", col=phase.color) 
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Isometric Mapping (Isomap)
Manifolds (流形) and Nonlinearity:

A manifold is a mathematical geometric space and in which the local space is 
Euclidean space.

Locally EuclideanSwissroll S-curve
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A

B

Nonlinear Structure
nonlinear path

A

B

linear distance

Machine learning for 
nonlinear dimension reduction (NLDR) and 
manifold learning
• ISOMAP (Tenenbaum, de Silva and Langford, 2000)
• Local linear embedding (LLE)(Roweis and Saul, 2000)
• Hessian eigenmaps (Donoho and Grimes, 2003)
• Laplacian eigenmaps (Belkin and Niyogi, 2003)
• Diffusion maps (Coifman et al., 2005) and their variants.
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Isometric Mapping (Isomap)
Tenenbaum , J. B., Silva, V. de, and Langford, J. C. (2000). A Global 
Geometric Framework for Nonlinear Dimensionality Reduction, 
Science 290, 2319-2323.

What is important is the geodesic distance!

Isomap finds the projection that preserves the global, nonlinear 
geometry of the data by preserving the geodesic manifold interpoint 
distances.

MDS
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Isometric Feature Mapping (ISOMAP)

K-nearest 
neighbors

(KNN)

Geodesic Distance Approximation

nx3 nxn

IsoDistance

Nonlinear 
Dimension 
Reduction

nx2

Multidimensional 
Scaling
(MDS)

nx3
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Geodesic Distance

samples = 10,  neighbors = 3 

The shortest path by point 1 to point 10: 1 →3 →4 →6 →7 →8 →10

12.957

IsoDistance

Euclidean 
Distance
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Algorithm of Isomap

Neighboring Shortest 
Paths
and

MDS 
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Some Nonlinear Manifold Data Sets

Swiss roll

S curveFishbowl Chainlink

SpiralTrigcircle
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Simulation of Swiss Roll Data Set
swissroll <- function(n, sigma=0.05){

angle <- (3*pi/2)*(1+2*runif(n)); 
height <- runif(n);
xdata <- cbind(angle*cos(angle), height, angle*sin(angle))

# angle <- seq((1.5*pi): (4.5*pi), length.out=n);
# height <- sample(0:21, n, replace = TRUE);
# xdata <- cbind(angle*cos(angle), height, angle*sin(angle))

xdata <- scale(xdata) + matrix(rnorm(n*3, 0, sigma), n, 3)

order.angle <- order(angle)
sort.angle <- sort(order.angle, index.return=TRUE)
col.id <- rainbow130(n)
my.color <- col.id[sort.angle$ix]

colnames(xdata) <- paste("x", 1:3, sep="")

return(list(xdata=xdata, angle=angle, color=my.color))
}

source("rainbow130.r")
sr <- swissroll(800)
library(rgl); open3d()
plot3d(sr$xdata[,1], sr$xdata[,2], sr$xdata[,3], col=sr$color, size=3, 

xlab="", ylab="", zlab="", axes = T)
library(vegan)
sr.isomap <- isomap(dist(sr$xdata), ndim=2, k=7) # try different k
plot(sr.isomap, col=sr$color)
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ISOSIR for Nonlinear Dimension Reduction
and Data Visualization: Wine Data (178x13)

https://archive.ics.uci.edu/ml/datasets/Wine 
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ISOSIR for Nonlinear Dimension Reduction
and Data Visualization: Swissroll Data (800x3)
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ISOSIR for Nonlinear Dimension Reduction and Data 
Visualization: Lung Cancer Microarray Data (73x831)

Aim: find differentially expressed 
genes that can provide a basis
for the classification of lung cancer 
subtypes (Garber et al. 2001).

Samples: 73 samples were divided 
into five diagnostic classes: 
adenocarcinoma (Adeno, 41), large-
cell lung cancer (LCLC, 4), Normal
(6), small-cell lung cancer (SCLC, 5), 
and squamous cell carcinoma (SCC, 
17). 

Genes: Nilsson et al. (2004) selected 
a subset of 831 genes and performed 
MDS and ISOMAP to visualize these 
samples.

小細胞肺癌 (SCLC) | 非小細胞肺癌(NSCLC): 包括腺癌(adenocarcinoma)、鱗狀細胞癌(SCC)、大細胞癌(LCLC)。
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DR Quality Assessment:
local continuity meta-criterion

Lee, J.A., Lee, J.A., Verleysen, M., 2009.  Quality assessment of dimensionality reduction:  Rank-based criteria. Neurocomputing 72.
Chen, L., Buja, A., 2009.  Local Multidimensional Scaling for Nonlinear Dimension Reduction, Graph Layout and Proximity Analysis，JASA 
104(485), 209-219.
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Co-ranking Matrix and LCMC

> LCMC
function (Q, K = 1:nrow(Q)) 
{
...

nQ <- nrow(Q)
nK <- length(K)
N <- nQ + 1
if (nK < 0.2 * nQ) {

lcmc <- numeric(nK)
for (i in 1:nK) {

k <- K[i]
lcmc[i] <- k/(1 - N) + sum(Q[cm.UL_K(k, nQ)])/N/k

}
}
else {

lcmc_ <- diag(apply(apply(Q, 2, cumsum), 1, cumsum))/(1:nQ)/N - (1:nQ)/nQ
lcmc <- lcmc_[K]

}
lcmc

}
<environment: namespace:coRanking>

my.coranking <- function(X.high, X.low){
# X.high <- iris[1:10,1:4]
# X.low <- princomp(X.high)$score[,1:2]

D.high <- as.matrix(dist(X.high)) 
D.low <- as.matrix(dist(X.low))
f <- function(x){

rank(x, ties.method = 'first', na.last = FALSE)
}
diag(D.high) <- NA # NA is rank 1
diag(D.low) <- NA
R.high <- apply(D.high, 1, f) 
R.low <- apply(D.low, 1, f) 
table(R.high, R.low)[-1, -1]

}
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coRanking: Co-Ranking Matrix
Calculate the co-ranking matrix to assess the quality of a diminsionality reduction.

coranking(Xi, X, input = c("data", "dist", "rank"), use = "C")

Arguments
Xi: high dimensional data
X: low dimensional data
input: type of input

Plots the co-ranking matrix nicely
imageplot(Q, lwd = 2, bty = "n", main = "co-ranking matrix",
xlab = expression(R), ylab = expression(Ro),
col = colorRampPalette(colors = c("gray85", "red", "yellow", 
"green", "blue"))(100), axes = FALSE, legend = TRUE, ...)

Calculate the local continuity meta-criterion from a co-ranking matrix.
LCMC(Q, K = 1:nrow(Q))

Arguments
Q: a co-ranking matrix
K: vector of integers describing neighborhood size
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Example
> library(coRanking) # install.packages("coRanking")
> library(MASS)
> par(mfrow=c(2, 3))
> x <- iris[,1:4]
> y <- iris[,5]
> pca <- princomp(x)
> Q.pca <- coranking(x, pca$score[,1:2], input = "data")
> imageplot(Q.pca)
> lcmc.pca <- LCMC(Q.pca, K = 5:10)
> 
> mds <- cmdscale(dist(x))
> Q.mds <- coranking(x, mds[,1:2], input = "data")
> imageplot(Q.mds)
> lcmc.mds <- LCMC(Q.pca, K = 5:10)
> 
> mylda <- lda(x, grouping=y)
> lda.dim <- as.matrix(x)%*%mylda$scaling[,1:2]
> Q.lda <- coranking(x, lda.dim, input = "data")
> imageplot(Q.lda)
> lcmc.lda <- LCMC(Q.lda, K = 5:10)
> 
> names(lcmc.pca) <- paste0("K=", 5:10)
> rbind(lcmc.pca, lcmc.mds, lcmc.lda)

K=5       K=6       K=7       K=8       K=9      K=10
lcmc.pca 0.6077763 0.6108427 0.6292106 0.6521421 0.6581158 0.6682192
lcmc.mds 0.6077763 0.6108427 0.6292106 0.6521421 0.6581158 0.6682192
lcmc.lda 0.3171096 0.3286204 0.3396868 0.3638087 0.3781158 0.3915526
> plot(pca$score[,1:2], col=as.integer(y)+1, main="PCA")
> plot(mds[,1:2], col=as.integer(y)+1, main="MDS")
> plot(lda.dim[,1:2], col=as.integer(y)+1, main="LDA")
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Evaluate DR by Classification (n >> p)
UCI Datasets

UCI machine learning repository datasets

• Classifier : linear SVM
• 10-fold cross-validation error rate
• Gaussion kernel with scale 0.05

DR as a tool of feature extraction.
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Evaluate DR by Classification (n << p)
Microarray Datasets

• Classifier : linear SVM
• leave-one-out cross-validation error 

rate
• Gaussion kernel with scale 0.05

n x p;   n << p
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